Introduction:

Method of Finite Elements:

Example of a Non-smooth Problem:

The general form of a boundary value problem is the Strong Form. Where Ω is the
domain, 𝑓 is the source term, 𝑎 is the material constant and 𝑢 is the unknown we
want to find. The boundary ∂Ω is formed by 𝜍𝑁 ∪ 𝜍𝐷 .

Finite elements (FE) is based on the idea of discretizing the bounded domain into a
finite number of smaller non-overlapping subdomains called elements connected
Element
Node
by nodes.

We set Ω = −1,1 2 with pure pure Dirichlet boundary conditions according to
the exact solution in polar coordinates,

∇ ∙ 𝑎∇𝑢 = −𝑓 in Ω
𝑢 = 𝑢𝐷 on 𝜍𝐷
𝑛 ∙ 𝑎∇𝑢 = 𝑔𝑁 on 𝜍𝑁
∂Ω = 𝜍𝐷 ∪ 𝜍𝑁
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Then shape functions are chosen to interpolate between nodes. A linear system of
equations is obtained and can then be solved. The accuracy of the approximation
can be improved using H and P refinement.

𝑛

H-Refinement:
The H-method improves the accuracy of results by increasing the number of
elements to create a finer mesh.
𝜍𝐷 represents the Dirichlet part of the boundary, which the value of the function is
defined on the boundary and 𝜍𝑁 represents the Neumann boundary where
the normal derivative of the function on the boundary is specified.

Applications:

P-Refinement:

Boundary value problems are applicable to real world physical applications such
as electrostatics, magnetostatics (2D), heat conduction and potential flow.

The P-method improves the accuracy results by increasing order of the shape
function so that it is more complex.

Application
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In the case of a Non-Smooth Boundary problem a combination of both H and P
refinement is needed to achieve an exponential convergence rate.

Example of a Smooth Boundary value Problem:
Ω=
𝑢,

[0,1]2

with pure Dirichlet boundary conditions according to the exact solution

To conclude FEM can approximate solutions to Boundary Value problems with a
high degree of accuracy. For smooth problems, the most efficient use of
computational power is to use P-refinement. While for non-smooth problems a
combination of both H and P refinement is needed in order to achieve the
exponential convergence rate to the approximation.

𝑢 𝑥, 𝑦 = sin 𝑥 sin(𝑦)
𝑎=1
𝑓 = 2 sin 𝑥 sin 𝑦

Strong Form to Weak Form:
To establish the Weak Form, multiply the governing equation by a weight function
𝑤, which is chosen to vanish on ∂Ω, and integrate over Ω. Then use integration by
parts to reduce the order of the highest derivatives and obtain the form:
Find u ∈ 𝐻1 Ω , 𝑢 = 𝑢𝐷 on 𝜍𝐷 where 𝐻1 Ω = {𝑢 ∈ 𝐿2 Ω , ∇𝑢 ∈ 𝐿2 Ω

𝑑

Discussions and Conclusion:

The next step is to apply FEM to boundary value problems that do not have an
analytical solution. As FEM is a numerical method, we should be able to
approximate the solution.

} such that

Ω 𝑎∇𝑢 ∙ ∇𝑤 𝑑Ω =  𝑠𝑑 𝑢∇𝑎 ∙ 𝑛 𝜍+ Ω 𝑓𝑤 𝑑Ω, ∀𝑤 ∈ 𝐻01 (Ω)
𝑁
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Advantages of Finite Elements Method:

• Computers are highly efficient and accurate at using the Finite element method,
so can be used to approximate solutions quickly.
• The method can be used on complex geometries
• Finite elements is adaptable by using H and P refinement.
• Low investment compared to creating a prototype to run tests on and after a
simulation the model can be easily modified based on results.
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We can see from the results of 𝑒 𝐿2 Ω = (Ω 𝑢 − 𝑢ℎ𝑝 𝑑Ω) that P-refinement
leads to an exponential convergence rate, while H-refinement leads to algebraic
convergence rate.
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