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The dynamics of linear internal waves in the ocean is analysed without adopting the
‘traditional approximation’, i.e. the horizontal component of the Earth’s rotation is
taken into account. It is shown that non-traditional eﬀects profoundly change the
dynamics of near-inertial waves in a vertically conﬁned ocean. The partial diﬀerential
equation describing linear internal-wave propagation can no longer be solved by
separation of spatial variables; it was however pointed out earlier in the literature
that a reduction to a Sturm–Liouville problem is still possible, a line that is pursued
here. In its formal structure the Sturm–Liouville problem is the same as under the
traditional approximation, but its eigenfunctions are no longer normal vertical modes
of the full problem. The question is addressed of whether the solution found through
this reduction is the general one: a set of eigenfunctions to the full problem is
constructed, which depend in a non-separable way on the two spatial variables; these
functions are orthogonal and form, under mild assumptions, a complete basis.
In the near-inertial range, non-traditional eﬀects act as a singular perturbation;
this is seen from the sub-inertial short-wave limit, which is present whenever the
‘non-traditional’ terms are there, but disappears under the traditional approximation.
In the dispersion relation the sub-inertial modes represent a smooth continuation of
the super-inertial ones. The combined eﬀect of the horizontal component of rotation
and a vertical inhomogeneity in the stratiﬁcation is found to play a crucial role in
the dynamics of sub-inertial waves. They are trapped in waveguides localized around
minima of the buoyancy frequency. The presence of horizontal inhomogeneities in
the eﬀective Coriolis parameter (such as shear currents or beta eﬀect) are shown to
enable a transition from super-inertial to sub-inertial waves (and thus eﬀectively an
irreversible transformation of large-scale into small-scale motions). It is suggested
that this transformation provides a mechanism for mixing in the deep ocean.
The notion of critical reﬂection of internal waves at a sloping bottom is also
modiﬁed by non-traditional eﬀects, and they strongly increase the probability of
critical reﬂection in the near-inertial to tidal range.

1. Introduction
Near-inertial waves represent the most energetic and, probably, the dynamically
most signiﬁcant part of the internal wave spectrum in the ocean (e.g. Fu 1981).
Internal waves of all scales (as well as all other atmospheric and oceanic motions of
scales small compared to the Earth’s radius) are commonly described as if the Earth
† Present address: NIOZ, PO Box 59, 1790 AB Den Burg, The Netherlands; gerk@nioz.nl
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were locally ﬂat, i.e. the motions are considered in a plane tangent to the Earth’s
surface, attached at the location under consideration. This plane is co-rotating with
the Earth’s angular velocity Ω. In the equations of motion, written in a Cartesian
frame ﬁxed to this plane, the Coriolis vector has two components: a horizontal
(strictly meridional) one f˜ = 2Ω cos φ, and a vertical one f = 2Ω sin φ (Ω = |Ω|, φ
latitude). The neglect of the terms involving the horizontal component f˜ represents
the so-called traditional approximation (Eckart 1960). The additional assumption of
constant f gives the so-called ‘f -plane’. We shall instead refer to it as the ‘traditional’
f -plane, as opposed to the ‘non-traditional’ one in which f˜ and f are both assumed
to be non-zero constants.
Scepticism with regard to the traditional approximation was ﬁrst expressed by
Bjerknes et al. (1933), in the context of the Laplace Tidal Equations. The debate
that followed was summarized in the overview by Hendershott (1981). It would
seem that his conclusion concerning the traditional approximation still holds today:
“its domain of validity has not yet been entirely delineated”. In discussing the
validity, it is important to recognize that two distinct questions are at stake. One
relates to phenomena that exist under the traditional approximation, and to whether
these phenomena would be signiﬁcantly modiﬁed by non-traditional eﬀects. A key
ﬁnding with respect to this question was that non-traditional eﬀects generally become
negligible for strong stratiﬁcation, i.e. for small Ω/N, N being the buoyancy frequency.
For example, as Hendershott (1981) notes, the assumption of strong stratiﬁcation
‘saves’ the Laplace Tidal Equations in the sense that their solutions are, to a
good approximation, also solutions of the fuller equations that include the nontraditional terms. Similarly, one ﬁnds that strong stratiﬁcation tends to suppress the
non-traditional terms in the dispersion relation for internal waves (Phillips 1968);
but, as Phillips notes, non-traditional eﬀects may remain present “in the ﬁner details”,
even for strong stratiﬁcation. This brings us to the other question which relates to
phenomena that owe their existence to non-traditional eﬀects (and that, therefore,
disappear under the traditional approximation).
It has long been known that non-traditional eﬀects enlarge the traditional frequency
window for internal waves (|f | 6 σ 6 Nmax ), thus creating a range σmin 6 σ 6 |f |
(e.g. Saint-Guily 1970; Kamenkovich & Kulakov 1977; LeBlond & Mysak 1978;
Brekhovskikh & Goncharov 1994, Miropol’sky 2001).† We call inertio-gravity waves
in this range sub-inertial (since σ < |f |), as opposed to the more familiar super-inertial
waves (σ > |f |). The width of this sub-inertial range becomes smaller for stronger
stratiﬁcation, i.e. σmin → |f | as Ω/N → 0, as was ﬁrst noted by Saint-Guily (1970). (We
should remark at the outset that the assumption Ω/N  1 is satisﬁed in the seasonal
thermocline, but not in the bulk of the ocean.)
The question now is whether this class merely forms a minor extension of the class of
super-inertial waves, or whether it adds something qualitatively new and dynamically
important. In the 1970s it was found (at least for constant N) that in a vertically
bounded ocean the dispersion curves of super-inertial waves are relatively weakly
modiﬁed, while those of sub-inertial waves form a family of branches qualitatively different from the super-inertial ones (Saint-Guily 1970; Kamenkovich & Kulakov 1977;
see also Miropol’sky 2001). However, to our knowledge the class of sub-inertial waves
has never been properly investigated, perhaps because they were thought to be of
little signiﬁcance, given the relatively small width of their frequency range. Along with
† Due to f˜ there is also an extension of the window above Nmax which is of little signiﬁcance
and is not analysed here.
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the general aim of clarifying the role of f˜ in internal-wave propagation, a primary
and speciﬁc aim of our paper is to study these sub-inertial waves and elucidate their
unique role in ocean dynamics.
These waves, for any model of stratiﬁcation, become inﬁnitely short, both
horizontally and vertically, as the wave frequency approaches the minimum frequency
σmin (§ 3). This sub-inertial short-wave limit is a radical departure from the traditional
description of near-inertial wave dynamics, and below we argue that the traditional
approximation can be regarded as a singular limit (§ 3.1.1). Another key result of
the present paper is that the sub-inertial dispersion curves form a direct smooth
continuation of the super-inertial ones (§ 3). This opens the possibility for an eﬀective
transformation of one class into another. Moreover, it makes the sub-inertial waves
dynamically important irrespective of how small their range of frequencies might be,
since in the ocean the bulk of internal wave energy is in the inertial peak, i.e. in
the very range where the transformation occurs. In particular, background horizontal
variations in the eﬀective Coriolis parameter f transform super-inertial into subinertial waves, or vice versa. Such variations are always present in the ocean, due
to, for example, shear currents. So, even within the linear framework non-traditional
eﬀects bring in an inherent possibility of wave evolution towards smaller and smaller
spatial scales (§ 5).
Although we focus on near-inertial waves, most results are applicable to the whole
internal-wave range. Upon closer examination it appears that the literature contains
more results on non-traditional aspects of internal waves than is generally assumed;
we discuss the pertinent references, if not yet cited, in later sections as appropriate.
We should note at the outset that we exclude the equatorial region, for which the
non-traditional dynamics of internal waves requires a separate treatment (see Maas
2001, and references therein).
The paper is organized as follows. In § 2 we formulate the basic elements of the
description of linear internal-wave propagation on the non-traditional f -plane. In
§ 3 we consider a vertically bounded domain, for which modal solutions are derived
and analysed. Mathematically, abandoning the traditional approximation means that
one has to deal with a non-separable partial diﬀerential equation. We show that
this non-separability causes no diﬃculties so far as linear problems on the f -plane
are concerned. Although normal vertical modes do not exist, there is a complete set
of normal (non-vertical) modes. This takes away the principal reason for making
the traditional approximation in the ﬁrst place – an important point that has been
generally overlooked. In § 3.3 we analyse the behaviour of sub-inertial waves trapped
near the bottom, or in other regions where the stratiﬁcation has a local minimum.
In § 4, we review brieﬂy the main results on characteristics in a vertically unbounded
domain, following Badulin, Vasilenko & Yaremchuk (1991). Furthermore, we show
how the notion of critical reﬂection at sloping bottoms (with constant slope) is
modiﬁed by non-traditional eﬀects, and brieﬂy outline the implications for nearbottom mixing. Having thus discussed the three classes of near-inertial waves on the
non-traditional f -plane (super-inertial, inertial, sub-inertial), we consider in § 5 the
transition from one class into the other, due to variations in the eﬀective f . The new
picture that emerges is summarized in § 6.
2. Basic equations and properties
We begin with the linearized equations of motion of a density-stratiﬁed ﬂuid on
the non-traditional f -plane, under the Boussinesq approximation (e.g. Phillips 1966,
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§ 5.7):
ut − f v + f˜w = −px ,
vt + f u = −py ,
wt − f˜u = −pz + b,

(2.1)
(2.2)

ux + vy + wz = 0,

(2.3)
(2.4)

bt + N 2 w = 0,

(2.5)

where p is the departure of pressure from its hydrostatic value (divided by a constant
reference density); b is the buoyancy. The Cartesian frame with the coordinates
x (west–east), y (south–north)-z (vertical, positive upward, with the origin at the
unperturbed ocean surface) is used; u, v and w are the corresponding velocity
components. We allow the buoyancy frequency N to depend on z (unless stated
otherwise). In the traditional approximation one would take f˜ = 0.
This set can be reduced to an equation for w, the vertical velocity component:
∇2 wtt + ( f · ∇)2 w + N 2 ∇2h w = 0,

(2.6)

where f = (0, f˜, f ), and ∇2h denotes the horizontal Laplacian. Substituting w = W
exp(iσ t) into (2.6) gives
(N 2 − σ 2 )Wxx + (N 2 − σ 2 + f˜2 )Wyy + 2ff˜Wyz − (σ 2 − f 2 )Wzz = 0.

(2.7)

For plane waves travelling in the direction (cos α, sin α), we ﬁnd from (2.7) by introducing χ = x cos α + y sin α and substituting ∂x = cos α ∂χ and ∂y = sin α ∂χ :
 2

N − σ 2 + fs2 Wχχ + 2ffs Wχz − (σ 2 − f 2 )Wzz = 0,
(2.8)
where fs = f˜ sin α. From this expression it is clear that non-traditional eﬀects play no
role for plane waves travelling in the east–west direction (i.e. α = 0 or π). Equation
(2.8) is the starting point of further study in this paper; it is convenient to write (2.8)
as
(2.9)
AWχχ + 2BWχz + CWzz = 0,
where B and C are constants, while A may depend on z, via N. Without loss of
generality, we shall assume that B > 0; this implies that the direction of positive χ
is always poleward (except, of course, when propagation is purely zonal). For later
reference, we note that C < 0 for super-inertial waves (σ > |f |), while C > 0 for subinertial waves (σ < |f |). Under the traditional approximation the mixed derivative
would be absent (B = 0).
For a vertically bounded domain, (2.9) has to be solved subject to standard
boundary conditions. At the ocean surface we use the ‘rigid lid’ approximation
W (0) = 0.

(2.10)

The boundary condition at the bottom z = −H (χ) is that of a vanishing normal
component of the velocity, which for a ﬂat bottom at depth H reduces to
W (−H ) = 0.

(2.11)

For wave propagation to be possible, hyperbolicity of (2.9) is required, which
implies B 2 − AC > 0. This condition delineates the range of allowable frequencies σ:


1
1
2
2
σmin
= λ − [λ2 − (2f N)2 ]1/2 6 σ 2 6 σmax
= λ + [λ2 − (2f N)2 ]1/2 ,
(2.12)
2
2

Near-inertial waves in the ocean

199

where λ = N 2 + f 2 + fs2 . These upper and lower bounds, or equivalent expressions,
have been derived before (e.g. Brekhovskikh & Goncharov 1994; the expressions
derived by LeBlond & Mysak (1978) apply to the special case α = ±π/2). (Note that
A vanishes at σ 2 = N 2 + fs2 , i.e. within the allowed range of σ .)
Almost everywhere in the ocean one ﬁnds N > |f |. In the rare situation when N < |f |
(which we shall exclude from further consideration below), the frequency window on
the traditional f -plane becomes N < σ < |f |. In this case too the window is enlarged
by non-traditional eﬀects; in particular, one ﬁnds from (2.12) that 0 < σ < (f 2 + fs2 )1/2
as N → 0. Interestingly, this implies that for a certain range of frequencies internal
waves can continue to propagate vertically if N ≈ 0  |f | in part of the column while
N > |f | in an adjacent part (a possibility that does not exist under the traditional
approximation). This phenomenon has recently been observed in the Mediterranean
(Van Haren & Millot 2004).
3. Waves in a vertically bounded and horizontally uniform domain
Equation (2.9) cannot be solved by separation of variables; it is only under the
traditional approximation (B = 0) that this becomes possible. Yet, the non-separability
does not in this case really pose a hurdle, for one can still reduce (2.9), (2.10), (2.11)
to a boundary-value problem. This felicitous fact has received little attention in the
literature, with the exception of Saint-Guily (1970) and Brekhovskikh & Goncharov
(1994). They noticed that substitution of
W = ψ(z) exp i(kχ + δz)
into (2.9), with δ = −kB/C, yields


ψ +k


2


B 2 − AC
ψ = 0.
C2

(3.1)

(3.2)

Together with the boundary conditions (2.10), (2.11), (3.2) constitutes a Sturm–
Liouville problem if we regard σ as given, and k 2 as the eigenvalue to be found (Ince
1956). In explicit form it reads
 2
2 

2
σfs

2 N (z) − σ
ψ +k
ψ = 0;
ψ(0) = ψ(−H ) = 0.
(3.3)
+
σ2 − f 2
σ2 − f 2
Before looking into solutions, we notice an obvious but important point that seems
to have passed unnoticed in the literature: mathematically, the non-traditional term –
i.e. the term in (3.3) involving fs – produces merely an additional constant in the
expression in square brackets, and hence poses no extra diﬃculty at all. (As we discuss
below, however, the nature of the singularity at σ = |f | is changed by this additional
constant.)
At the same time, the role of ψn is subtly diﬀerent from that under the traditional
approximation, and this raises a number of fundamental questions. What do the
eigenfunctions ψn actually describe? They are eigenfunctions of the Sturm–Liouville
problem (3.3), but are not normal vertical modes of the original problem, since by
virtue of (3.1) ψn forms only part of the vertical dependence of Wn . Are Wn normal
modes then? Is the expansion in normal vertical modes possible at all? Below we
show that although the full solutions Wn cannot be regarded as normal vertical modes
(Appendix A), the set of Wn understood as unseparable functions of two independent
variables (χ and z) is both orthogonal and, under certain assumptions, complete
(Appendix B).

200

T. Gerkema and V. I. Shrira

In § 3.1 the general properties of the dispersion relation following from (3.3) are
studied in detail. The structure of the wave ﬁeld is investigated in § 3.2, and is shown
to be fundamentally diﬀerent from that under the traditional approximation. This is
because the wavenumber k now also aﬀects the vertical structure, via (3.1). Finally, a
new type of waveguide for sub-inertial waves, around minima of N(z), is considered
in § 3.3.
3.1. The dispersion relation
The dispersion relation for constant N, discussed below, was derived earlier by
Kamenkovich & Kulakov (1977) without explicitly using the transformation (3.1); the
plots were reproduced in Miropol’sky (2001). The main point of their analysis was
to verify that for small Ω/N, the corrections to the super-inertial modes are small
and the sub-inertial interval shrinks. These results were interpreted as an indication
that the traditional approximation is reasonably adequate. Below we put forward a
diﬀerent view, by pointing out that the traditional approximation acts as a singular
limit.
3.1.1. Constant stratiﬁcation
It is instructive to consider ﬁrst the simplest possible model: an ocean with constant
stratiﬁcation N = Nc conﬁned between two horizontal boundaries separated by a depth
H . The solution to the boundary-value problem (3.3) then becomes ψn = sin qn z, with
qn = nπ/H , n being an arbitrary integer, and we ﬁnd the dispersion relation
kn =

∓qn C
±qn (σ 2 − f 2 )
=


1/2 ,
2
2
(B 2 − AC)1/2
− σ2
σ 2 − σmin
σmax

(3.4)

where σmax and σmin are the upper and lower bounds speciﬁed in (2.12). The additional
vertical dependence of Wn due to the exponent we introduced in (3.1) is speciﬁed by
δn (= −kn B/C):
δn =

±qn B
±qn ffs
= 

1/2 .
2
2
2
(B 2 − AC)1/2
− σ2
σ − σmin σmax

From (3.4) we can derive the group velocity

 2
3/2
2
± σ 2 − σmin
σmax − σ 2
dσ
=
.
dk
qn σ ((B 2 − AC) + B 2 + C 2 )

(3.5)

(3.6)

In ﬁgure 1(a–d) we show the two branches of the dispersion relation (3.4) for an
arbitrary ﬁxed n. The solid thick line corresponds to the plus-branch (i.e. taking the
plus-sign in the last expression in (3.4)); the dashed thick line corresponds to the
minus-branch. Thin solid and dashed lines show the corresponding curves under
the traditional approximation. Notice that the plus-branches are mirror-images (with
respect to the vertical axis) of the minus-branches, as is also clear from (3.4). Under
the traditional approximation, the waves become inﬁnitely long at their minimum
frequency (|f |). On the non-traditional f -plane (thick lines), by contrast, the waves
become inﬁnitely short at their minimum frequency σmin < |f |. This is also clear
from (3.4), because the denominator vanishes as σ → σmin , while the numerator does
not. The vertical wavenumber δn , given by (3.5), tends to inﬁnity as well, implying
that vertical scales too become inﬁnitely short at the minimum frequency (for any
mode-number n). We note that the sub-inertial short-wave limit was also evident in
ﬁgure 4 of Saint-Guily (1970), but was not commented on, and seems to have passed
unnoticed since.
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Figure 1. Dispersion relation for mode n (n being arbitrary but ﬁxed). (a) Frequency σ versus
wavenumber kn ; (b) frequency σ versus horizontal group velocity dσ/dk; (c) horizontal group
velocity dσ/dk versus kn ; (d) enlargement of (a) in the vicinity of |f |. Thick lines represent
the curves for the non-traditional f -plane; thin lines, for the traditional f -plane. Solid lines
correspond to the plus-branches in (3.4), (3.6), dashed lines to the minus-branches. In all panels,
dots denote a zero axis.

The traditional approximation thus has the character of a singular limit: in the
presence of non-traditional eﬀects, no matter how weak, waves become inﬁnitely short
at the minimum frequency σmin ; under the traditional approximation, this short-wave
limit is absent. Mathematically, the singular character is expressed by the fact that
the nature of (2.9) changes fundamentally under the traditional approximation, which
removes the mixed derivative; likewise (3.3) changes as the higher-order singularity
(at σ = |f |) is removed.
As is evident from ﬁgure 1(a), in the presence of non-traditional eﬀects the familiar
monotonic correspondence between time and length scales no longer exists. This
implies that the notion of the Rossby radius of deformation, as a measure to assess
the importance of Coriolis eﬀects, becomes invalid. Indeed, on the non-traditional
f -plane one encounters the paradoxical fact that Coriolis eﬀects remain of ﬁrst-order
importance in the sub-inertial short-wave limit.
In ﬁgure 1(b, c) the horizontal group velocity (3.6) is shown. Another crucial
diﬀerence between traditional and non-traditional dynamics now becomes apparent.
Under the traditional approximation the solid and dashed branches, both, of course,
super-inertial, join smoothly at σ = |f |. By contrast, on the non-traditional f -plane
each of the two sub-inertial branches represents the direct continuation of the
corresponding super-inertial branch, and a smooth continuation of one super-inertial
branch into the other becomes impossible.
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3.1.2. Universal behaviour near the inertial frequency
The behaviour for frequencies close to f , discussed for constant N by
Brekhovskikh & Goncharov (1994) and Miropol’sky (2001), remains, in fact, the same
for any N(z). This can be seen as follows. In the expression in square brackets in (3.3),
the non-traditional term becomes dominant when σ ≈ |f |, that is, in the vicinity of
the inertial frequency. As a consequence, at the leading order the solution is independent of N(z), and the dispersion relation (for the nth mode) becomes
±kn

nπ
σfs
=
.
2
−f
H

σ2

(3.7)

By exploiting further the proximity of σ to |f | we ﬁnd
fs H
.
(3.8)
2nπ
Thus, in contrast to the traditional boundary-value problem, where for all eigenmodes
σ > |f |, we now have, in addition, a family of sub-inertial modes with σ < |f |. As
it follows from (3.8), frequencies of the modes of both families tend to the inertial
frequency in the long-wave limit. For super-inertial waves this looks similar to the
modal behaviour under the traditional approximation. However, there is a qualitative
diﬀerence: the group velocity, which follows from (3.7), now does not vanish at the
inertial frequency:
fs H
dσ
=±
,
(3.9)
dk kn =0
2nπ
but equals the group velocity of the corresponding sub-inertial wave (note that this
value is not small; the typical value for the deep ocean is of order 10 cm s−1 .) So
like in the case of constant N (ﬁgure 1d), for every n each of the two sub-inertial
branches represents a direct and smooth continuation of the corresponding superinertial branch.
This result is ‘universal’ in the sense that it does not depend on the stratiﬁcation
N(z). Away from the inertial frequency the above asymptotics becomes, of course,
invalid. In particular, the behaviour further into the sub-inertial regime depends on
N(z), as we discuss in § 3.3.
3.2. Modiﬁcation of the vertical structure
A general solution to the original boundary-value problem (2.9), (2.10), (2.11) can
be constructed by superposing eigenmodes ψn (z) of (3.3), with the substitution (3.1)
taken into account:
σ = |f | ± kn

∞

ψn (z){an sin(kn χ + δn z) + bn cos(kn χ + δn z)}.

W =

(3.10)

n=1

Here an , bn are arbitrary coeﬃcients. The structure of the solution conﬁrms that
the components of the series are not of a separable form unless the traditional
approximation were made, in which case δn = 0.
To get a better understanding of how non-traditional eﬀects aﬀect the vertical
structure of the wave, we select just one mode with an arbitrary n and with timedependence included:
(3.11)
w = ψn (z) cos(kn χ + δn z − σ t).
Hence the phase isolines are given by
ϕ(χ, z) = kn χ + δn z = const.

(3.12)
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Figure 2. Modal solutions (3.10) for constant N , showing northward propagating near-inertial
waves at mid-latitude. (a, b) The solution under the traditional approximation for the ﬁrst
mode (a), and of the ﬁrst ten modes together (b), both for frequency (σ = 1.025f ). (c, d) The
corresponding super-inertial solution without the traditional approximation. The same for
(e, f ), but at the lower frequency (σ = 1.015f ). (g–j ) Examples of the (non-traditional)
sub-inertial solution, in (g, h) for σ = 0.99f , and in (i, j ) for σ = 0.98f . Parameter values
are: Nc = 5 × 10−4 rad s−1 , α = π/2, φ = 45◦ N; hence χ = y and fs = f˜ = f , except of course in
(a) and (b), where fs = 0.

Recall that δn , in explicit form, is given by
δn = kn

ffs
.
− f2

σ2

(3.13)

From (3.12) we see that the phase ϕ has a vertical dependence, which would be absent
under the traditional approximation (fs , δn ≡ 0), and which introduces very small
vertical scales, even for the ﬁrst mode. (This point was overlooked by Munk & Phillips
(1968) when they attempted to justify the traditional approximation.) Notice that the
expression (3.12) holds for arbitrary N(z), since it does not involve the eigenfunction
ψn ; of course, the speciﬁc values of kn do depend on the stratiﬁcation. In the left-hand
panels of ﬁgure 2, we illustrate the solution (3.11) for the simple case of constant
stratiﬁcation, where we take the ﬁrst mode at t = 0. Figure 2(a) shows an example
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under the traditional approximation (necessarily super-inertial), while ﬁgure 2(c, e)
shows non-traditional super-inertial solutions, and ﬁgure 2(g, i) sub-inertial solutions
(frequency decreases downward in the panels). The most obvious change with respect
to ﬁgure 2(a) is the asymmetry in steepness created by non-traditional eﬀects, with
even a retrograde type of propagation at sub-inertial frequencies. The right-hand
panels of ﬁgure 2 follow the same pattern but now with ten modes superposed in
the solution (3.10), where we took an = 0 and bn = n−1 . The superposition of modes
creates a conﬁned beam where dW/dz is large. Such beams can be constructed in an
equivalent but more direct way by using characteristics (see § 4).
3.3. Trapped sub-inertial modes
In this section we consider the case of non-constant stratiﬁcation, which gives rise to
a new type of wave motion that does not exist under the traditional approximation:
sub-inertial inertio-gravity waves trapped in regions of the weakest stratiﬁcation. For
this purpose, it is convenient to rewrite (3.3) as
ψ  + k̃ 2 [−N 2 (z) + r 2 ] ψ = 0;

ψ(0) = ψ(−H ) = 0,

(3.14)

where
k2
σ 2 fs2 + σ 2 (f 2 − σ 2 )
2
and
r
=
.
f 2 − σ2
f 2 − σ2
Hereafter we shall restrict ourselves to sub-inertial waves (σ < |f |), so that we have
k̃ 2 , r 2 > 0. For a sub-inertial wave to exist the expression in square brackets in (3.14)
must be positive, i.e. N 2 (z) < r 2 . This conﬁrms the idea, mentioned above, that subinertial waves will be trapped in regions around the minima in N 2 (z). These regions
rapidly widen as σ approaches the inertial frequency, since r 2 is inversely proportional
to f 2 − σ 2 .
k̃ 2 =

3.3.1. Trapped modes for linear stratiﬁcation
First we consider the simplest possible case of a vertically varying N: N 2 (z) = N02 +
γ1 z, where N0 and γ1 are constants. (We have shifted the origin of the coordinate
frame to the bottom, for convenience.) Equation (3.14) then becomes


∆

2
ψ = 0.
(3.15)
ψ −l z−
γ1 C
where l 2 = k 2 γ1 /C and ∆ = B 2 − A0 C > 0, with A0 = N02 − σ 2 + f 2 . As before, B = ffs
and C = f 2 − σ 2 ; the latter is here positive because we consider sub-inertial waves.
We now derive the structure and properties of the corresponding bottom-trapped
modes. The transformation ẑ = l 2/3 [z − ∆/(γ1 C)] reduces the equation to the standard
Airy-equation:
d2 ψ
− ẑψ = 0.
dẑ2
We shall consider a domain that extends indeﬁnitely upwards; then the solution in
terms of the original z reads
 

∆
2/3
z−
ψ = Ai l
.
(3.16)
γ1 C
We require that ψ be zero at the bottom, here deﬁned at z = 0. Let us denote the
zeros of Ai by −sn ; they are known positive constants (e.g. Abramowitz & Stegun
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Figure 3. An example of a bottom-trapped sub-inertial wave (σ = 0.99f ), given by a
superposition of the ﬁrst ﬁve modes in (3.10), with an = bn = n−1 . The stratiﬁcation is given by
the realistic deep-ocean values N0 = 5 × 10−4 rad s−1 and γ1 = 4 × 10−10 rad2 m−1 s−2 ; latitude
φ = 45◦ and propagation is in the meridional direction: α = π/2 (poleward to the right).

1965, § 10.4). Then one ﬁnds for the wavenumbers ln : ln2/3 = sn γ1 C/∆, so that
 3/2
 3/2
sn
2 sn
;
δn = ∓γ1 BC
.
kn = ±γ1 C
∆
∆
In explicit form the dispersion relation kn (σ ) reads

3/2
sn


kn = ±γ1 C 2  2
,
2
2
− σ2
σ − σmin
σmax

(3.17)

(3.18)

where σmin and σmax are calculated from (2.12), using the minimum value of N(z) (i.e.
N0 ), which is reached at the bottom. Like in the case of constant N, we ﬁnd that the
horizontal and vertical scales, kn−1 and δn−1 , become inﬁnitely short as σ → σmin .
The group velocity is given by
∓∆5/2
dσ
=
.
3/2
dk
γ1 σ Csn [4∆ + 3C(A0 + C)]

(3.19)

The general solution for W can be constructed from (3.10), where ψn is now
represented by (3.16). An example of |W | made up of the ﬁrst ﬁve modes is shown in
ﬁgure 3. Of course, no comparison can now be made with traditional results, because
this type of wave does not exist under the traditional approximation (for B = 0 we
get ∆ < 0).
3.3.2. Sub-inertial waveguides for the oceanic stratiﬁcation
A typical oceanic stratiﬁcation proﬁle is shown in ﬁgure 4, in which are also
indicated the regions of trapping for a certain range of sub-inertial frequencies. In
this case, there are three such regions, separated by the upper peak (the seasonal
thermocline) and the smaller lower one (the main pycnocline). We shall assume
below that the trapped sub-inertial motions decay suﬃciently quickly outside their
waveguides, so that the waveguides are well separated. If this is not the case, more

206

T. Gerkema and V. I. Shrira
0

Depth (km)

–1

–2

–3

–4
0

0.0025

0.0050

0.0075

0.0100

N (rad s–1)

Figure 4. An empirical proﬁle of the buoyancy frequency N , from the Bay of Biscay (summer).
Sub-inertial waves up to 0.990f (0.999f ) can exist where N lies to the left of the ﬁrst (second)
dotted line.

complicated asymptotic analysis of the type given in the book by Fedoryuk (1993)
has to be applied.
The thin upper trapping region coincides with the mixed layer, in which (potential)
temperature and salinity are nearly constant. Since N is virtually constant in this
layer, the properties of the sub-inertial trapped modes are as those for the case of
constant N discussed in § 3.1.1, with the water depth being replaced by the thickness
of the mixed layer. Speciﬁcally, we have for σ → σmin :
dσ
(3.20)
∼ (σ − σmin )3/2 .
dk
The second trapping region lies in between the seasonal thermocline and the
permanent pycnocline. At the leading order, the variation in N 2 can now be captured
by a parabolic proﬁle:
kn ∼ (σ − σmin )−1/2 ;

N 2 (z) = N02 + γ2 (z − zm )2 + · · · .
If we place the origin at the point zm , the boundary-value problem (3.14) takes the
form


ψ → 0 as |z| → ∞.
(3.21)
ψ  + k̃ 2 r 2 − N02 − γ2 z2 ψ = 0,
Here we have supposed (as before) that the solution decays suﬃciently quickly outside
the waveguide so as not to be aﬀected by the presence of the other waveguides; this
allows us to give the boundary conditions the present form. The transformation
ẑ = (γ2 k̃ 2 )1/4 z reduces (3.21) to the form


|k̃| r 2 − N02

2
ψ − ẑ ψ = −
ψ,
ψ → 0 as |ẑ| → ∞.
(3.22)
γ21/2
Notice that we can write
r −
2

N02

 2
 2

2
σ − σmin
σmax − σ 2
∆
=
=
C
C
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where ∆ and C are deﬁned as in § 3.3.1, and σmin and σmax are obtained from (2.12)
with N replaced by N0 . Equation (3.22) can be solved in terms of Hermite polynomials
(e.g. Abramowitz & Stegun 1965, § 19.13, § 22). In particular, the dispersion relation
is found to be k̃∆/(γ21/2 C) = ± (2n + 1), where n is a non-negative integer; hence
kn = ±(2n + 1)γ21/2

C 3/2
∆

and so the group velocity becomes
dσ
∓∆2
=
.
dk
σ (γ2 C)1/2 (2n + 1)[3∆ + 2C(A0 + C)]
For σ → σmin , we now ﬁnd
dσ
(3.23)
∼ (σ − σmin )2 .
dk
Finally, the bottom-trapped waves in the lowest waveguide can at leading order
be described by a linear dependence of N 2 on z. This leads us back to the previous
section; speciﬁcally, we ﬁnd for the asymptotic behaviour as σ → σmin :
kn ∼ (σ − σmin )−1 ;

dσ
(3.24)
∼ (σ − σmin )5/2 .
dk
We thus see from (3.20), (3.23) and (3.24) that as σ → σmin the wavenumber always
tends to inﬁnity, although the speciﬁc asymptotic behaviour diﬀers for each of the
types of waveguide.
Although the oceanic stratiﬁcation with three distinct sub-inertial waveguides,
considered above, is indeed the most common, there exist situations with many minima
of N(z) due to double-diﬀusion, which might result in a much more complicated
waveguide structure. Nevertheless, the asymptotic behaviour we described is generic
and is expected to persist in more complicated circumstances as well.
We ﬁnally note that the near-inertial wave dynamics will be very sensitive to
variations in the eﬀective f , caused, for example, by a passing Rossby wave or vortex.
The reported magnitudes of such variations of the eﬀective f in the ocean (e.g.
Kunze 1985) are signiﬁcant in the present context. If, for example, such a variation
transforms the near-inertial wave from super- into sub-inertial, the wave will suddenly
ﬁnd itself trapped in a waveguide. This provides a new and potentially important
mechanism of interaction between the near-inertial waves and large-scale motions.
kn ∼ (σ − σmin )−3/2 ;

4. Characteristics and waves over sloping bottom
In this section we review the basic mathematical facts concerning wave propagation
in vertically unbounded and semi-inﬁnite domains. The main non-traditional eﬀects
were discussed by Badulin et al. (1991); their discussion is recapitulated and extended
below as the starting point for further analysis. The practical implications, such as
for critical reﬂection at a sloping bottom, are dealt with in § 4.3.
4.1. Characteristics
First we analyse (2.9) by using the method of characteristics; they are the curves
ξ± (χ, z) = const along which
B ± (B 2 − AC)1/2
dz
=
≡ µ± ,
dχ
A

(4.1)
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see e.g. Zauderer (1989). Recall that
A(z) = N(z)2 − σ 2 + fs2 ;

B = ffs ;

C = −(σ 2 − f 2 ).

The characteristic coordinates can now be introduced as
z
dz̃
,
ξ± = χ −
z0 µ± (z̃)

(4.2)

where z0 is an arbitrary constant. Using these characteristic coordinates, we can
transform (2.9) into its canonical form:


∂ 2W
C2
−1  ∂W
−1  ∂W
,
(4.3)
=
+ (µ− )
(µ+ )
∂ξ+ ∂ξ−
4∆
∂ξ+
∂ξ−
where primes denote derivatives with respect to z (once a speciﬁc form of N(z)
has been chosen, the terms involving these derivatives can be cast in terms of the
characteristic coordinates). Here ∆ = B 2 − AC; recall that the condition for hyperbolicity is ∆ > 0. The physical meaning of the terms involving the ﬁrst derivatives,
on the right-hand side of (4.3), is as follows: a wave propagating along a particular
characteristic creates at each point it passes reﬂected waves which will propagate
along the other (crossing) characteristic. This is why there is no solution describing a
wave propagating only along one family characteristics (unless, of course, we take N
constant, in which case the right-hand side becomes zero, see below). It is worth noting
that the right-hand side might tend to zero not only when the stratiﬁcation becomes
uniform (N → const), but also when σ → |f | since then the factor C, and hence the
right-hand side, vanish for arbitrary stratiﬁcation. (We note that the solution, in terms
of the original coordinates χ and z, however still depends on N.) For arbitrary N(z)
and σ , one cannot in general solve (4.3) analytically. Nevertheless, the characteristics
provide important insight into the qualitative behaviour of the solutions; for example,
in any point M the solution at that point depends only on the values of W in the
area conﬁned by the two characteristics that intersect at M.
Importantly, (4.3) has the same formal structure as under the traditional
approximation; in other words, the traditional approximation does not simplify the
mathematical problem, once reduced to its core, and can, therefore, be dispensed
with. This is in line with what we found in § 3 for the problem in a bounded domain.
Speciﬁcally, for constant stratiﬁcation, (4.3) reduces to the simplest possible form:
∂ 2W
= 0,
∂ξ+ ∂ξ−

(4.4)

which is the starting point for further analysis in the remainder of this section. Even
though the mathematical problem is, in essence, the same as under the traditional
approximation, the physical behaviour diﬀers fundamentally, as becomes apparent
when we transform the solution back to the original coordinates, via (4.2).
4.2. Basic properties
For constant N (denoted by Nc ), the characteristics (4.2) become
ξ± = µ± χ − z + z0 ,

(4.5)

where µ± are now constants (for later convenience, we have multiplied the right-hand
side by the constant factor µ± ). As was discussed by Badulin et al. (1991), the
orientation of ξ− = const depends on the sign of C. Thus, are there three cases to be
distinguished, as is illustrated in ﬁgure 5. Here propagation is in the meridional
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Figure 5. Schematic view of the characteristics ξ± = const, for each of the three regimes.

direction (poleward to the right), and we have also assumed that A > 0 (a condition
normally satisﬁed in the ocean). For super-inertial waves (σ > |f |), the two
characteristics ξ± = const always have a diﬀerent orientation (like on the traditional
f -plane), and a diﬀerent steepness (unlike on the traditional f -plane). For strictly
inertial waves (σ = |f |), ξ− = const becomes horizontal. The characteristic ξ+ = const
(which is non-existent on the traditional f -plane) retains its orientation; notice that
its steepness, 2B/A, depends on Nc . Finally, for sub-inertial waves (σ < |f |), the two
have the same orientation; their steepness tends to the same limit as σ → σmin . The
class of sub-inertial waves would not exist under the traditional approximation.
The direction of the characteristics coincides with that of energy propagation; this
can be veriﬁed by deriving the dispersion relation. We substitute W = exp i[kχ + mz]
into (2.9) to obtain, with (k, m) = κ(cos θ, sin θ),
A cos2 θ + 2B cos θ sin θ + C sin2 θ = 0,

(4.6)

σ 2 = Nc2 cos2 θ + (fs cos θ + f sin θ)2 ,

(4.7)

so that
which is a known dispersion relation (e.g. Phillips 1966). The group-velocity vector is
given by





∂σ ∂σ
,
= (2κσ )−1 Nc2 − f 2 + fs2 sin 2θ − 2ffs cos 2θ (sin θ, − cos θ). (4.8)
∂k ∂m
Its direction in the (χ, z)-plane is − cot θ. Now, from (4.1) and (4.6) we ﬁnd
that − cot θ = µ± , which conﬁrms that energy propagates in the direction of the
characteristics.
Moreover, the group-velocity becomes zero (in both components) only if the frequency takes one of its extreme values, σmin or σmax . Since |f | is not a lower bound
on the non-traditional f -plane, it follows that the group velocity is non-zero; in other
words, waves having the inertial frequency do propagate (in the direction indicated
in ﬁgure 5), unlike on the traditional f -plane.
4.3. Reﬂection at constant slopes
A slope is called critical if the direction of the slope coincides with that of one of
the characteristics. The ‘traditional’ notion of criticality requires modiﬁcation when
we consider the non-traditional f -plane, for two reasons: ﬁrst, because in the class
of super-inertial waves (which exists also under the traditional approximation), there
is now an asymmetry in steepness, as illustrated in ﬁgure 5; second, because there
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Figure 6. Generic cases of non-critical reﬂection at constant slopes. (a–c) For a super-inertial
frequency (σ = 1.02f ), under the traditional approximation. All other panels (d–l) are without
the traditional approximation: (d–f ) super-inertial (σ = 1.02f ); (g–i) inertial (σ = f ); (j–l)
sub-inertial (σ = 0.98f ). In all panels, parameter values are: Nc = 5 × 10−4 rad s−1 , α = π/2
(propagation in the meridional direction, poleward to the right), φ = 45◦ N (mid-latitude),
hence fs = f (except of course in a–c, where fs = 0).

are now two additional classes of wave-motion, namely the inertial and sub-inertial
ones.
Here we consider the simplest case in which the gradient of the slope and both
characteristics lie in the same plane. We assume that the bottom has a constant
slope: z = γ χ. Our starting point is (4.4), but now it is more convenient to use the
streamfunction Ψ (W = − Ψχ ) instead of the vertical velocity W . The streamfunction
satisﬁes the same equation, but vanishes at the slope. The general solution of (4.4)
is Ψ = F (ξ+ ) + G(ξ− ), where F and G are arbitrary functions. The requirement that
Ψ = 0 at the slope implies
F ([µ+ − γ ]χ) + G([µ− − γ ]χ) = 0
for all χ. Hence, Ψ is given by
Ψ = F (ξ+ ) − F




µ+ − γ
ξ− .
µ− − γ

(4.9)

We choose F (x) = exp(−ax 2 ) sin(x); this creates the conﬁned beams shown in ﬁgure 6.
The nine generic non-traditional types of non-critical reﬂection are illustrated in ﬁgure 6(d–l). We distinguish between super-inertial, inertial, and sub-inertial frequencies.
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Figure 7. (a) Critical values of the slope as a function of wave frequency (solid line); (b) an
enlargement for the near-inertial range. The lower branch represents γ = µ− ; the upper branch,
γ = µ+ . The critical slopes under the traditional approximation are also shown (dotted line);
the curve is then symmetric with respect to the horizontal axis; in this case |f | is the lower
bound of the frequency domain.

Notice that at inertial frequencies, a ﬂat bottom is critical. Under the traditional
approximation this is no longer the case since then there is no energy propagation at
the inertial frequency. To describe critical reﬂection, one needs to include viscous and
nonlinear eﬀects (e.g. Dauxois & Young 1999).
In ﬁgure 7 we plot the critical γ as a function of wave frequency, for the same f , fs
and Nc as in ﬁgure 6. Statistically, near-inertial waves are more likely to encounter a
critical slope when the depth decreases in the poleward direction (γ > 0), than when it
increases (γ < 0); for sub-inertial waves critical slopes do not occur at all in the latter
case. This contrasts with the behaviour under the traditional approximation, where
no such asymmetry is found (dotted line in ﬁgure 7). More importantly, the shift with
respect to the dotted line means that critical reﬂections are much more likely to occur
than under the traditional approximation. This is because mildly sloping bottoms are
more abundant than those with steeper slopes; hence the shift of the lower branch
towards smaller |γ | by far outweighs the shift of the upper branch towards higher
|γ |. The shift is still noticeable at the semi-diurnal tidal frequency (M2 ). The increased
likelihood of critical reﬂection is expected to account better for intense mixing at
boundaries (compared to estimates obtained under the traditional approximation).
For slopes of a more general shape, new phenomena might arise. For example, a
concave slope can support slope-trapped sub-inertial solutions. Following a WKB
approach, we see that a sub-inertial beam reﬂected from a supercritical upper
segment of the slope will bounce back from the subcritical lower segment, and
hit the supercritical segment again, and so on. This issue merits further consideration,
but is not pursued here.
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5. Transformation towards small scales due to a horizontal inhomogeneity
In § 3 we considered a horizontally uniform ocean conﬁned between two horizontal
planes and found that the behaviour of near-inertial waves in the sub-inertial regime
diﬀers radically from that in the super-inertial regime, but that at the same time the
sub-inertial dispersion branches represent a smooth continuation of the corresponding
super-inertial branches. This implies that in the real ocean the character of nearinertial waves will be extremely sensitive to any variation in the ‘eﬀective’ f ,
caused either by large-scale inhomogeneities (vortices, Rossby waves, currents) or,
in their absence, by the meridional variation of f itself. Such variations can cause
a transformation of waves from the super-inertial range to the sub-inertial range, or
vice versa. The possibility of a transformation of long super-inertial waves into ever
shortening sub-inertial ones is of special interest from a general oceanographic point
of view (notably the subject of deep-ocean mixing). Here we brieﬂy outline how and
when such a transformation can occur.
To ﬁx ideas consider the following simple example: we trace the kinematics of
an initially super-inertial narrow-band wave packet propagating across a vertically
uniform zonal current U (y). Let the initial packet be characterized by a central
frequency ω(0) and wavevector (kx(0) , ky(0) ), while the vertical structure of the packet is
described by one of the modes of (3.3); the speciﬁc number n of the mode is of little
importance for our further consideration as long as it is ﬁxed (the group velocity, of
course, depends on n, but the qualitative conclusions that follow do not depend on n).
We assume a separation of scales wide enough for the WKB description to be valid;
by virtue of the standard conservation laws (e.g. Whitham 1974), the packet’s zonal
wavenumber kx(0) and frequency ω(0) will be preserved (in the reference frame moving
with U (0) where y = 0 corresponds to the initial position of the packet), while the
meridional wavenumber ky and intrinsic frequency σ = ω(0) − kx U (y) will be evolving.
At each position y they can be found from the dispersion relation σ (kx , ky ), presumed
to be known. Since the group velocity can also be found from σ (kx , ky ) one can write
and solve in quadratures the equations for the packet trajectory in the (x, y)-plane:
ẋ =

∂σ (kx , ky (y))
+ U (y),
∂kx

ẏ =

∂σ (kx , ky (y))
.
∂ky

(5.1)

It is illuminating to follow the packet’s progress on the dispersion curve. The curve
itself is the result of a cross-section of the still-water dispersion surface σ = σ (kx , ky )
with the plane kx = kx(0) , while the position of the packet on the curve is speciﬁed by
its intrinsic frequency σ = ω(0) − kx(0) U (y) (see ﬁgure 8).
If kx(0) U (y) increases, the intrinsic frequency decreases and passes the inertial
frequency.† Further into the sub-inertial domain the dispersion curve for a typical
density stratiﬁcation splits into three branches corresponding to sub-inertial waves
localized in the surface, bottom and seasonal waveguides discussed in § 3.3.2. We plot
just one sub-inertial branch. As the packet approaches the minimal possible frequency
σmin speciﬁed by (2.12), ky grows and tends to inﬁnity. Although each of the three
guides is characterized by its own minimal frequency σmin , and its own dispersion
curve, the conclusion regarding the tendency towards inﬁnitely short scales is robust.
This tendency holds for any stratiﬁcation and for any shear ﬂow U (y).

† At the inertial frequency the WKB approximation becomes invalid and scattering of the energy
into other modes occurs, which we do not consider here.
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Figure 8. Transformation of a wave packet into small scales due to a sheared zonal current.
(a) Current proﬁle; (b) trajectory of a wave packet and evolution of its wave vector shown at
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3 t2 ; (c) growth of the meridional wavenumber
selected consecutive moments in time: 䊊
along a cross-section of the dispersion surface as the intrinsic frequency tends from ω to σmin .

The remaining questions to be investigated are as follows: (i) Will the packet reach
the point y = ycr where σ = σmin in ﬁnite or inﬁnite time? (ii) What will happen to the
packet underway and, in particular, could it get reﬂected at y = ycr ?
The answer to the ﬁrst question is straightforward since the explicit asymptotics
of σ = σ (kx , ky ) for large ky have been established in § 3. Indeed, consider the packet
in the position far in the sub-inertial domain where ky is already large and the
short-wave asymptotics applies. If we expand U (y) = U (ycr ) + U  (ycr )(y − ycr ), we ﬁnd
(after moving the frame origin to y = ycr )
σ (y)
kx(0) U  (0)y
=1+
,
σmin
σmin

(5.2)

which, in particular, implies σ (y) − σmin = kx U  (0)y. On the other hand, we know that
σ (y)
= 1 + g(kx , ky ),
σmin

(5.3)

where g(kx , ky ) is known from the short-wave asymptotics of the dispersion relation.
This gives an explicit formula for ky as function of y. For example, for the bottom
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waveguide employing (3.24), we ﬁnd
ky ∼ y −3/2 .

(5.4)

The time τ it takes for a packet to advance from y∗ to y is given by
y

τ=
y∗

dy
.
cgr (k(y))

(5.5)

Inserting the expressions for the group velocity for the bottom guide from (3.24) into
(5.5), we ﬁnd
y

τ=

y −5/2 dy ∼ y −3/2 ,

(5.6)

y∗

which becomes inﬁnite as y → 0, i.e. as the packet approaches the critical point. The
above integrals for τ diverge not only for the example considered here, but for all
plausible models of stratiﬁcation.
There are two important points to be mentioned: ﬁrst, the decrease of the group
velocity by virtue of conservation of wave action leads to an inﬁnite growth of
the wave amplitude (Whitham 1974); second, the fact that τ is inﬁnite implies
that in practice any reﬂection from the critical point y = ycr will be very unlikely
since the ever decreasing wavelengths are subject to ever increasing dissipation over
an inﬁnite period of time and it is likely that the wave will dissipate when the
WKB approximation employed is still valid (see the analysis in Badulin, Shrira &
Tsimring (1985) of a mathematically similar problem in the context of short internal
waves). In the absence of dissipation however, to prove rigorously the absence of
reﬂection is impossible when remaining within the WKB framework since the WKB
approximation loses its validity in the vicinity of the critical point and a more detailed
investigation of the singularity neighbourhood is required.
Naturally, for the singularity to occur at y = ycr the intensity of the current should
exceed a certain threshold speciﬁed by the condition
Umax > (ω − σmin )/kx .

(5.7)

Such currents are common in the ocean and, therefore, one might expect signiﬁcant
pumping of energy contained in the inertial peak into small scales. Of course, the
conclusion is not conﬁned to the type of current chosen for the above illustrative
example, but holds for the most general type of ocean inhomogeneity.
Moreover, even in the absence of any currents a similar mechanism will be still
at work, since a horizontal inhomogeneity is always present due to sphericity of the
Earth, via the corresponding meridional variation of the Coriolis parameter f ; this
is further discussed elsewhere (Gerkema & Shrira 2005).
6. Discussion
The analysis presented above shows that one ﬁnds a qualitatively and fundamentally
new picture of near-inertial wave dynamics if three elements are combined: nontraditional eﬀects, a vertical conﬁnement, and background variations in the eﬀective
f . In the ocean, it will be noticed, all three are always there. Speciﬁcally, the vertical
conﬁnement is provided not only by the bottom and the surface of the ocean but
also by vertical density variations which lead to the waveguides described in § 3.3.
Furthermore, the eﬀective f varies due to the presence of shear currents, or the
β-eﬀect.
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The analysis of the non-traditional f -plane in a vertically bounded domain reveals
that the class of sub-inertial waves, which owes its existence to non-traditional eﬀects
(as has long been known at least for constant N), diﬀers fundamentally from the
class of super-inertial waves. The sub-inertial waves become inﬁnitely short as the
lower bound of the frequency domain is approached (§ § 3.1.1, 3.3). Here the ﬁnite
vertical extent is essential, since in the absence of horizontal boundaries no such
tendency is found (§ 4). If we now add the third element, variation in eﬀective f ,
the tendency towards ever smaller scales becomes an intrinsic property of the linear
propagation of near-inertial waves. The irreversible evolution into short scales is of
special importance for deep-ocean mixing (see e.g. the recent review by Garrett &
St. Laurent 2002). The sensitivity of inertial-wave dynamics to large-scale motions
(like Rossby waves, eddies, and shear currents), as outlined in § 5, might open a new
avenue of research of mechanisms of their coupling.
Direct observational evidence of the sub-inertial range is not available at present
because of the diﬃculties in distinguishing these motions within the inertial peak and,
probably, because they were not speciﬁcally sought. A promising route could be to
look at the vertical distribution of the near-inertial wave ﬁeld. For example, persistent
abyssally intensiﬁed near-inertial motions have recently been found in the year-long
observations by Van Haren, Maas & Van Aken (2002), which is consistent with the
idea of a deep sub-inertial waveguide (§ 3.3). Also promising would be a study of the
polarization of the velocity records, and the ratio of potential to kinetic energies, see
Gerkema & Shrira (2004).
Apart from the overall picture and its constituent elements, a number of results
obtained here merit special mention. Non-traditional eﬀects not only signiﬁcantly alter
the conditions for critical reﬂection for near-inertial waves, but also the importance
of criticality. Depending on the orientation of the bottom slope, the critical value of
steepness can decrease quite considerably (compared to the r.m.s. bottom slope) for
a broad frequency range, which includes the M2 tide (ﬁgure 7). Since, statistically,
milder slopes are much more abundant, this implies a large increase in the occurrence
of critical reﬂection of M2 beams, and hence a substantially increased contribution to
mixing. (The notion of critical reﬂection invites the practical question of what value
of N, i.e. at what height and over what vertical scale, actually determines criticality.)
From a mathematical perspective, we have clariﬁed a number of questions
concerning the traditional approximation. The usual raison d’être for the traditional
approximation is to render the equations of motion separable. As we have argued
above, for the standard linear internal-wave problem on the f -plane this advantage
is spurious: in a bounded domain, the ‘non-traditional’ Sturm–Liouville problem
(3.2) has the same mathematical structure as the one found under the traditional
approximation. The resulting two-dimensional eigenfunctions are orthogonal and,
under some assumptions, form a complete set. It thus appears that in this kind of
problem there is no need to make the traditional approximation.
We also notice that even for waves of frequencies far outside the inertial range,
where the traditional approximation seems to work well, it can be justiﬁed only in
a linear setting, since the higher frequency waves inevitably ‘feel’ the presence of the
sub-inertial branches through nonlinear interactions (whatever the value of Ω/N).

The authors are grateful to Hans van Haren, Leo Maas and Uwe Harlander for
comments and discussions. The work was supported by INTAS 01-0025 and INTAS
01-234.
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Appendix A. Non-existence of normal vertical modes
The general solution (3.10) merits a special discussion, since the interpretation of its
structure is less straightforward than on the traditional f -plane, especially with regard
to the existence of normal modes. Even though the functions ψn are normal modes
within the framework of the reduced eigenvalue problem (3.3), they cannot be treated
as the vertical modes in the general solution (3.10), because they carry only part of
the vertical dependence. Nevertheless, we can interpret each n-component in the series
(3.10) as a mode (an independent way of being), as is clear from the fact that the
constants an and bn can be chosen arbitrarily. We now show that vertical ‘normality’
can be introduced only at the expense of the modal character. For simplicity the
consideration is conﬁned to the case of constant N = Nc .
We can isolate the full vertical dependence as follows. First we develop the ‘nontraditional’ z-dependent parts in Fourier cosine series, which are applicable here
because we consider the half-range −H 6 z 6 0 (see e.g. Butkov 1968):
∞

sin(δn z) =

∞

sn,m cos(qm z)

cos(δn z) =

m=0

cn,m cos(qm z).

(A 1)

m=0

Expressions for the coeﬃcients sn,m and cn,m can be easily obtained, but are not
needed here. The series converge point-wise. We substitute the series in (3.10), and use
ψn = sin qn z with qn = nπ/H (since N = Nc ); applying trigonometric rules now yields
∞

∞

An,m (χ)[sin(qn − qm )z + sin(qn + qm )z],

W =

(A 2)

n=1 m=0

where
An,m (χ) =

1
1
[an sn,m + bn cn,m ] cos(kn χ) + [an cn,m − bn sn,m ] sin(kn χ).
2
2

One can re-arrange the double series (A 2) to obtain
∞

k

k=1
∞

l=1

W =

∞

Al,l−k −

Al,k−l +

≡

Fk (χ) sin(qk z).

∞

l=k

Al−k,l

sin(qk z)

l=k+1

(A 3)

k=1

Thus we have split oﬀ the vertical dependence in each component. Superﬁcially, (A 3)
looks like the modal decomposition one would ﬁnd on the traditional f -plane. Yet,
(A 3) is nothing more than a Fourier sine expansion, which here should not be taken
for an expansion in terms of normal vertical modes. The reason is that the constants
an and bn are not associated with individual components sin(qk z), but with all of them
at once; the components are intrinsically coupled. Unlike on the traditional f -plane,
we cannot select just one component – and this renders the very usage of the word
‘mode’ inappropriate.
We can summarize the situation by stating that we have either modes and no
normality, as in (3.10), or normality and no modes, as in (A 3). Hence the conclusion
that normal vertical modes do not exist. (Likewise, the atmospheric ‘normal modes’
in Thuburn, Wood & Staniforth 2002 are normal only with respect to a reduced
eigenvalue problem, analogous to our (3.3).)
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Finally, we note that one may not diﬀerentiate the Fourier sine series (A 3) termby-term, as can be veriﬁed by noticing that the second vertical derivative of the actual
solution (3.10) is non-zero at the boundaries, whereas the second derivative of (A 3)
obviously is zero. This means that one cannot solve (2.9) by substituting (A 3) as an
Ansatz (substitution would involve diﬀerentiation).
Appendix B. Modal decomposition in the full problem: orthogonality
and completeness
Here we show that Wn (χ, z) are non-separable orthogonal eigenmodes of the ‘full’
boundary-value problem (2.9), (2.10), (2.11) and that the sequence with n = 1, 2, . . . , ∞,
forms a complete set.
By construction, Wn (χ, z) are eigenmodes of the full problem, which can be checked
by direct substitution of Wn (χ, z) = ψn (z) exp i(kn χ + δn + φn ) into (2.9), (2.10), (2.11).
It is also straightforward to check that the functions Wn (χ, z) are orthogonal, with
the weight function being proportional to ∆ ≡ B 2 − AC, that is
∞

H

dχ
−∞

dz[N 2 (z) − r 2 ]Wn (χ, z)Wm∗ (χ, z) = 0

if

kn = km ,

(B 1)

0

where r 2 is a function of σ only and is speciﬁed in (3.14). Indeed, direct substitution
yields
∞
−∞

H

dχei(kn −km )χ

dz[(N 2 (z) − r 2 )ψn (z)ψm (z)]e−i(B/C)(kn −km )z = c̃n δnm ,

(B 2)

0

where δnm is the Kronecker symbol and
 H

2
2
2
c̃n ≡
(N (z) − r )ψn (z)dz .

(B 3)

0

Although the set of eigenfunctions ψn (z) of the reduced boundary-value problem is
complete by virtue of the known properties of the Sturm–Liouville problems, it is
far from obvious whether the set Wn (χ, z) with n = 1, 2, . . . , ∞ is complete or not.
Moreover, it is not even obvious what the notion of the completeness means in this
context. Apparently, we cannot expect to be able to expand an arbitrary function
of χ and z, since the set of Wn (χ, z) implies that a particular real frequency σ has
been chosen and the spatial manifold corresponding to such motions would be very
peculiar and not of evident practical importance. In this context it would be more
appropriate to consider either the extended problem which includes time explicitly, or
the original boundary-value problem (2.8), (2.10), (2.11) as a problem of ﬁnding σ for
a given k, rather than vice versa as we have done so far. However, along both routes
there certain diﬃculties requiring special consideration which goes beyond the scope
of the present paper.
Remaining within the framework of the original (χ, z) setting, we can state that if
the boundary-value problem were Hermitian, then the completeness of the set would
follow (e.g. Korn & Korn 2000, § 15.4.6). By deﬁnition, to assess this, one has to prove
that
∞

H

dχ
−∞

dz[V ∗ (L̂U ) − U (L̂V )∗ ] = 0,

(B 4)

0

where
L̂W = AWχχ + 2BWχz + CWzz ,

(B 5)
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and U and V are any pair of functions satisfying the same homogeneous boundary
conditions (2.10), (2.11), as well as yet unspeciﬁed conditions at the lateral boundaries.
If we choose these conditions to be those of periodicity, say, set at χ = ±l, where
l is arbitrary, or the condition of vanishing at plus and minus inﬁnity, the criterion
(B 4) holds and the boundary-value problem under consideration is indeed Hermitian.
These conditions are those most commonly used, and at least for this class of functions
the completeness has thus been proved. However, to be sure that this class indeed
includes all functions of interest, solving the initial-value problem is probably the
most sensible route.
Since we have shown that the eigenfunctions Wn (χ, z) are orthogonal and the set is
complete, the principal incentive for making the traditional approximation has been
removed.
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